For a Heegaard surface S in a closed orientable 3-manifold M, we denote by HðM; SÞ ¼ Di¤ðMÞ=Di¤ðM; SÞ the space of Heegaard surfaces equivalent to the Heegaard splitting ðM; SÞ. Its path components are the isotopy classes of Heegaard splittings equivalent to ðM; SÞ. We describe HðM; SÞ in terms of Di¤ðMÞ and the Goeritz group of ðM; SÞ. In particular, for hyperbolic M each path component is a classifying space for the Goeritz group, and when the (Hempel) distance of ðM; SÞ is greater than 3, each path component of HðM; SÞ is contractible. For splittings of genus 0 or 1, we determine the complete homotopy type (modulo the Smale Conjecture for M in the cases when it is not known).
Let M be a closed, orientable 3-manifold, not necessarily irreducible, and suppose that S is a Heegaard surface in M. The space HðM; SÞ of Heegaard splittings equivalent to ðM; SÞ is defined to be the space of left cosets Di¤ðMÞ=Di¤ðM; SÞ, where Di¤ðM; SÞ is the subgroup of Di¤ðMÞ consisting of di¤eomorphisms taking S onto S. In other words, this is the space of images of S under di¤eomorphisms of M.
We denote the homotopy groups p i À HðM; SÞ Á by H i ðM; SÞ. In particular, H 0 ðM; SÞ is the set of isotopy classes of Heegaard splittings equivalent to ðM; SÞ. In the present work, we focus on the groups H i ðM; SÞ for i f 1. (Note that H i ðM; SÞ is independent of the basepoint chosen, because Di¤ðMÞ acts transitively on HðM; SÞ and consequently any two path components are homeomorphic. We use the identity map 1 M , or more strictly speaking, the coset 1 M Di¤ðM; SÞ, as our implicit choice of basepoint of HðM; SÞ.)
As one would expect, HðM; SÞ is closely related to Di¤ðMÞ. When the genus of S is at least 2, the connected components of Di¤ðSÞ are contractible, leading to our first main result.
Theorem 1. Suppose that S has genus at least 2. Then p q À Di¤ðMÞ Á ! H q ðM; SÞ is an isomorphism for q f 2, and there are exact sequences In Theorem 1, ModðMÞ and ModðM; SÞ denote the groups of path components of Di¤ðMÞ and Di¤ðM; SÞ respectively, and GðM; SÞ is the Goeritz group of the Heegaard splitting, defined to be the kernel of ModðM; SÞ ! ModðMÞ. We remark that for most reducible M, p 1 À Di¤ðMÞ Á is known to be non-finitely-generated ( [24] ), suggesting that HðM; SÞ has a complicated homotopy type in these cases.
When p 1 ðMÞ is infinite, Theorem 1 applies to all cases except the genus-1 Heegaard surface in S 1 Â S 2 . To state our result for that case, denote by LX the space of smooth free loops in a smooth manifold X , that is, the C y maps from S 1 to X , with the C y topology. There is a free involution a : LS 2 ! LS 2 defined by aðgÞ ¼ r g, where r : S 2 ! S 2 is the antipodal map. The quotient LS 2 =hai can be identified with the connected component of the constant loop in LRP 2 .
Theorem 2. For the unique genus-1 Heegaard surface S in S 1 Â S 2 , HðS 1 Â S 2 ; SÞ is homotopy equivalent to LS 2 =hai.
We remark that (at least when X has empty boundary) the inclusion function from LX to the space of all continuous free loops in X (with the compact-open topology) is a homotopy equivalence (see A. Stacey [31] , Theorem 4.6). The analogous statement holds for the space WX of smooth based free loops ( [31] , Section 4.3). The map LX ! X given by evaluation at the basepoint is a locally trivial fibration ( [31] , Corollary 4.8) with fiber WX . Since LX ! X has an obvious section, the exact sequence of this fibration shows that p q ðLX Þ G p qþ1 ðX Þ l p q ðX Þ for all q f 1. The homology of LS n was computed in W. Ziller [34] , p. 21 (see also R. Cohen, J. Jones, and J. Yan [6] ); for n ¼ 2 it is H 0 ðLS 2 Þ G Z, H k ðLS 2 Þ G Z for k > 0 odd, and H k ðLS 2 Þ G Z l Z=2 for k > 0 even.
When p 1 ðMÞ is infinite and M is irreducible, all Heegaard splittings of M have genus at least 2. In addition, apart from one case in which Di¤ðMÞ has not been fully determined, we know that Di¤ðMÞ has a very simple homotopy type. Theorem 1 becomes the following statement:
Corollary 1. Suppose that M is irreducible and p 1 ðMÞ is infinite, and that M is not a non-Haken infranilmanifold. Then H i ðM; SÞ ¼ 0 for i f 2, and there is an exact sequence 1 ! Z À p 1 ðMÞ Á ! H 1 ðM; SÞ ! GðM; SÞ ! 1:
Note that when the conclusion of Corollary 1 holds, each component of HðM; SÞ is aspherical, and if p 1 ðMÞ is centerless, is a classifying space K À GðM; SÞ; 1 Á for the Goeritz group. As to the excluded cases in Corollary 1, a nilmanifold is a 3-manifold that is a quotient of Heisenberg space by a torsion-free lattice (topologically these are the S 1 -bundles over the torus with nonzero Euler class), and an infranilmanifold is a finite quotient of a nilmanifold. Non-Haken infranilmanifolds are Seifert-fibered with base orbifold a 2-sphere with three cone points of types ð2; 4; 4Þ, ð2; 3; 6Þ, or ð3; 3; 3Þ. If the components of Di¤ðMÞ turn out to be homotopy equivalent to S 1 for these manifolds, as expected (see [27] ), then Corollary 1 will hold without exclusion. Corollary 1 applies whenever the (Hempel) distance dðM; SÞ is greater than 3. Combined with various results from the literature, this provides a rather complete description of the homotopy type of HðM; SÞ for this case: Corollary 2. If dðM; SÞ > 3, then HðM; SÞ has finitely many components, each of which is contractible. In fact, the number of components of HðM; SÞ equals jModðMÞj=jModðM; SÞj, and if dðM; SÞ > 2 genusðSÞ, then HðM; SÞ is contractible.
When p 1 ðMÞ is finite, Di¤ðMÞ and HðM; SÞ can have more interesting homotopy types. For these cases, M admits an elliptic structure, that is, a Riemannian metric of constant sectional curvature 1, or equivalently M is a quotient of the standard round 3-sphere by a group of isometries acting freely. For elliptic 3-manifolds, the (Generalized) Smale Conjecture asserts that the inclusion IsomðMÞ ! Di¤ðMÞ of the subgroup of isometries of M is a homotopy equivalence. As we will discuss in Section 7 below, the Smale Conjecture is known for some cases, including S 3 and lens spaces other than RP 3 , but is open in general. Our computations of H i ðM; SÞ require this homotopy equivalence, and therefore must be regarded as modulo the Smale Conjecture for the unknown cases. In the statements of our remaining results, C 2 denotes a cyclic group of order 2.
Theorem 3. For n f 0 let S n be the unique Heegaard surface of genus n in S 3 .
(1) HðS 3 ; S 0 Þ F RP 3 .
(2) HðS 3 ; S 1 Þ F RP 2 Â RP 2 .
(3) For n f 2, H i ðS 3 ; S n Þ G p i ðS 3 Â S 3 Þ for i f 2, and there is a non-split exact sequence 1 ! C 2 ! H 1 ðS 3 ; S n Þ ! GðS 3 ; S n Þ ! 1: Theorem 4. Let L ¼ Lðm; qÞ be a lens space with m f 2 and 1 e q e m=2. Assume, if necessary, that L satisfies the Smale Conjecture. For n f 1, let S n be the unique Heegaard surface of genus n in L.
(1) If q f 2, then: (a) HðL; S 1 Þ is contractible.
(b) For n f 2, H i ðL; S n Þ ¼ 0 for i f 2, and there is an exact sequence 1 ! Z Â Z ! H 1 ðL; S n Þ ! GðL; S n Þ ! 1:
(2) If m > 2 and q ¼ 1, then:
(b) For n f 2, H i ðL; S n Þ G p i ðS 3 Þ for i f 2, and there are exact sequences 1 ! Z ! H 1 ðL; S n Þ ! GðL; S n Þ ! 1 for m odd, and
for m even.
Theorem 5. Let E be an elliptic 3-manifold, but not S 3 or a lens space. Assume, if necessary, that E satisfies the Smale Conjecture. Let S be a Heegaard surface in E. (2) If E is not one of the manifolds in Case (1), that is, either p 1 ðEÞ has a nontrivial cyclic direct factor, or p 1 ðEÞ is a diagonal subgroup of index 2 in D Ã 4m Â C n or of index 3 in T Ã 48 Â C n , then H i ðE; SÞ ¼ 0 for i f 2, and there is an exact sequence 1 ! Z ! H 1 ðE; SÞ ! GðE; SÞ ! 1:
Theorems 1 and 2 are proven in Sections 3 and 4 respectively, and Corollaries 1 and 2 in Section 5. Theorem 3 part (1) is proven in Section 8. Theorem 3 part (2) and the (a) parts of Theorem 4 are proven as Theorem 10 in Section 10, and Theorem 3 part (3), the (b) parts of Theorem 4 as Theorem 11 in Section 11, along with Theorem 5. The other sections provide auxiliary material used in the proofs.
In this section and the next, we assume only that M is a closed manifold and S is a closed submanifold of positive codimension (although much of what we say extends to more general contexts).
A submanifold S 0 of M is called an image of S if there is a di¤eomorphism of M carrying S onto S 0 . The images of S correspond to the left cosets Di¤ðMÞ=Di¤ðM; SÞ, since if g; h A Di¤ðMÞ, then gðSÞ ¼ hðSÞ if and only if g À1 h A Di¤ðM; SÞ. Therefore we call Di¤ðMÞ=Di¤ðM; SÞ the space of images equivalent to S, and denote it by ImgðM; SÞ. In particular, when ðM; SÞ is a Heegaard splitting of a closed 3-manifold, ImgðM; SÞ is the space of Heegaard splittings vHðM; SÞ as defined in the introduction.
A Fréchet space is a complete metrizable locally convex topological vector space. The topology of a Fréchet space is defined by a countable collection of seminorms such that f j ! f if k f j À f k ! 0 for each of the seminorms. A Fréchet manifold is a (usually infinitedimensional) manifold locally modeled on open subsets of a Fréchet space, with smooth (as maps of the Fréchet space) transition functions. Two convenient references for Fréchet spaces and Fréchet manifolds are R. Hamilton [11] and A. Kriegl and P. Michor [25] .
The space of images ImgðM; SÞ is a Fréchet manifold locally modeled on the sections close to the zero section from S to its normal bundle ( [11] , Example 4.1.7). It follows that ImgðM; SÞ has the homotopy type of a CW-complex (see for example [18] , Section 2.1).
The mapping class group ModðM; SÞ of the pair ðM; SÞ is defined to be the discrete group Di¤ðM; SÞ=di¤ðM; SÞ, where di¤ðM; SÞ (and in general, any space of isometries, di¤eomorphisms, or imbeddings whose name begins with a small letter) is the connected component of the identity di¤eomorphism. In particular, when S is empty, we write this as ModðMÞ and it becomes the usual mapping class group. Note that we allow orientationreversing di¤eomorphisms, when M is orientable, so our ModðM; SÞ is what is often called the extended mapping class group.
The Goeritz group of the pair ðM; SÞ is the kernel GðM; SÞ of the natural map ModðM; SÞ ! ModðMÞ:
When S has codimension 1 and is two-sided in M, the pure Goeritz group G 0 ðM; SÞ is defined to consist of the elements of GðM; SÞ that do not interchange the sides of S. It is a subgroup of index at most 2 in GðM; SÞ.
To indicate the subgroup of orientation-preserving elements, we use a ''þ'' subscript, as in Di¤ þ ðMÞ or Isom þ ðS 3 Þ.
Fibration theorems
In this section, we will obtain fibrations using a method of R. Palais [28] and J. Cerf [5] , which is based on the following definition. Let X be a G-space and x 0 A X . A local cross-section for X at x 0 is a map w from a neighborhood U of x 0 into G such that wðuÞx 0 ¼ u for all u A U. By replacing wðuÞ by wðuÞwðx 0 Þ À1 , one may always assume that wðx 0 Þ ¼ 1 G . If X admits a local cross-section at each point, it is said to admit local crosssections.
A local cross-section w 0 : U 0 ! G at a single point x 0 determines a local cross-section w : gU 0 ! G at any point gx 0 in the orbit of x 0 , by the formula wðuÞ ¼ gw 0 ðg À1 uÞg À1 , since
In particular, if G acts transitively on X , then a local cross-section at any point provides local cross-sections at all points.
From [28] we have Proposition 2.1. Let G be a topological group and X a G-space admitting local crosssections. Then any equivariant map of a G-space into X is locally trivial.
In fact, when p : Y ! X is G-equivariant, the local coordinates on p À1 ðUÞ are just given by sending the point ðu; zÞ A U Â p À1 ðx 0 Þ to wðuÞ Á z.
We continue to assume only that M is a closed manifold and S is a closed submanifold of positive codimension. Clearly Di¤ðMÞ=Di¤ðM; SÞ and Di¤ðMÞ=di¤ðM; SÞ are Di¤ðMÞ-spaces. Proof. We will argue for Di¤ðMÞ=Di¤ðM; SÞ ¼ ImgðM; SÞ; since the case of Di¤ðMÞ=di¤ðM; SÞ requires only trivial modifications. Since Di¤ðMÞ acts transitively, we only need to find a local cross-section at the coset 1 M Di¤ðM; SÞ.
Fix a Riemannian metric on M and a tubular neighborhood NðSÞ determined by the exponential map Exp : n <e ðSÞ ! NðSÞ H M, where n <e ðSÞ is the space of normal vectors of S of length less than e. For all g in a su‰ciently small C y -neighborhood V of 1 M (in fact for all g su‰ciently C 1 -close to 1 M ) in Di¤ðMÞ, the tangent planes to gðSÞ remain almost perpendicular to the tangent planes of the fibers of NðSÞ, and consequently gðSÞ meets each normal fiber in NðSÞ in exactly one point.
Denote by SectðS; TMÞ the sections from S to the restriction of TM to S, and by Z the zero-section in SectðS; TMÞ or in any other space of sections. 
is an isomorphism, and there is an exact sequence
For later use, we include the following lemma.
Lemma 2.6. The map Di¤ðM; SÞ ! Di¤ðSÞ defined by restriction is a fibration over its image (which is a union of path components of Di¤ðSÞ).
Proof. Let ImbðS; MÞ be the space of all imbeddings of S into M that extend to diffeomorphisms of M. From [28] , the map r : Di¤ðMÞ ! ImbðS; MÞ defined by rð f Þ ¼ f j S is a fibration. We identify the image of Di¤ðM; SÞ ! Di¤ðSÞ with the subspace of elements of ImbðS; MÞ that take S to S. Since Di¤ðM; SÞ is the full preimage of this subspace, over its image Di¤ðM; SÞ ! Di¤ðSÞ is just the pullback fibration. r
Heegaard splittings of genus at least 2
This section contains the proof of Theorem 1. We will use the following theorem of A. Hatcher ([12] , [16] ) and N. Ivanov ([19] , [20] ): (Hatcher, Ivanov) . Let M be a Haken 3-manifold.
(i) If qM 3 j, then di¤ðM rel qMÞ is contractible.
(ii) If M is closed, then there is a homotopy equivalence ðS 1 Þ k ! di¤ðMÞ, where k is the rank of the center of p 1 ðMÞ.
In [12] , the results are stated for PL homeomorphisms, but the Smale Conjecture for S 3 , also proven by Hatcher [14] , extends the results to the smooth category (see [16] ). For Theorem 1, we will only need part (i), but part (ii) will be used later.
Theorem 1. Suppose that S has genus at least 2. Then p q À Di¤ðMÞ Á ! H q ðM; SÞ is an isomorphism for q f 2, and there are exact sequences
Proof. Since the genus of S is at least 2, di¤ðSÞ is contractible ( [7] ). From Lemma 2.6, there is a fibration Di¤ðM rel SÞ X di¤ðM; SÞ ! di¤ðM; SÞ ! di¤ðSÞ:
Any two elements of Di¤ðM rel SÞ X di¤ðM; SÞ are isotopic preserving S. Since p 1 À di¤ðSÞ Á is trivial, they are isotopic relative to S. Therefore Di¤ðM rel SÞ X di¤ðM; SÞ ¼ di¤ðM rel SÞ;
which is contractible using Theorem 3.1 (i), so the fibration shows that di¤ðM; SÞ is contractible. In this section, we will prove Theorem 2. For more concise notation, we write M for S 1 Â S 2 . In addition, we write the standard 2-sphere S 2 as D 2 þ W D 2 À , the upper and lower hemispheres, N or þN for the center point of D 2 þ , the north pole, and ÀN for the south pole. The isometry group of S 2 is the orthogonal group Oð3Þ. By Oð2Þ we denote the Oð2Þ-subgroup of SOð3Þ that preserves D 2 þ X D 2 À ; its subgroup SOð2Þ preserves each of D 2 þ and D 2 À , while elements of Oð2Þ À SOð2Þ interchange D 2 þ and D 2 À . Since SOð3Þ acts transitively on S 2 and the stabilizer of N is SOð2Þ, the space of cosets SOð3Þ=SOð2Þ is homeomorphic to S 2 .
It is a Heegaard surface in M, and the resulting splitting is called the standard genus-1 Heegaard splitting of M. The following must be well known, but we include a proof here. Proof. Assume first that the Heegaard splitting has genus 1. By Haken's lemma ( [10] , see also [4] , Lemma 1.1), there is a 2-sphere S in M that meets each of the solid tori of the splitting in a single disk. It is easy to check that M contains a unique essential 2-sphere up to isotopy, so we may assume that S is a fiber and each solid torus of the splitting is a regular neighborhood of a loop crossing S in a single point. By the well-known light-bulb trick, such a loop is isotopic to a loop of the form S 1 Â fxg, so the Heegaard splitting is isotopic to the standard one.
Suppose now that the Heegaard splitting has genus n > 1, and apply Haken's lemma as before to obtain a sphere that intersects each handlebody in a disk. Compressing the splitting along one of the two disks, then removing a neighborhood of the essential sphere, one of the handlebodies becomes a handlebody of genus n À 1, and the other a handlebody with two punctures. Filling in the punctures gives a Heegaard splitting of S 3 of genus n À 1. Waldhausen [33] showed that every positive genus Heegaard splitting of S 3 is a stabilization, which implies that the original Heegaard splitting of M was a stabilization. Inductively, the original splitting is obtained by repeated stabilization of the standard genus-1 splitting. r Our proof of Theorem 2 will use the description of Di¤ðMÞ due to A. Hatcher ([13] , [15] ). To set notation, define RðMÞ to be the subgroup of Di¤ðS 1 Â S 2 Þ consisting of the di¤eomorphisms that take each fxg Â S 2 to some fyg Â S 2 by an element of the orthogonal group Oð3Þ that depends on x, and where the di¤eomorphism of S 1 sending each x to the corresponding y is an element of Oð2Þ.
As noted in [13] and [15] Proof. By Lemma 2.6, the restriction map Di¤ðM; TÞ ! Di¤ðTÞ is a fibration over its image, which we will denote by Di¤ 0 ðTÞ. Letting RðTÞ denote the di¤eomorphisms Note first that RðTÞ is homeomorphic to Oð2Þ Â Oð2Þ Â W SOð2Þ, compatibly with our homeomorphism from RðM; TÞ to Oð2Þ Â À C 2 Â Oð2Þ Á Â W SOð2Þ. A di¤eomorphism of T lies in Di¤ 0 ðTÞ exactly when it preserves the circles ftg Â ðD 2 þ X D 2 À Þ up to isotopy. These are exactly the di¤eomorphisms isotopic to elements of RðTÞ, so j is surjective on path components. Since elements in di¤erent path components of RðTÞ induce distinct outer automorphisms of p 1 ðTÞ, j is injective on path components. The composition of inclusions SOð2Þ Â SOð2Þ ! rðTÞ ! di¤ðTÞ is a well-known homotopy equivalence (see for example A. Gramain [9] ). The components of W SOð2Þ are contractible, so the inclusion SOð2Þ Â SOð2Þ ! rðTÞ is a homotopy equivalence as well. Therefore rðTÞ ! di¤ðTÞ is a homotopy equivalence, and it follows that j is a homotopy equivalence on every path component of RðTÞ. r Theorem 2. For the unique genus-1 Heegaard surface S in S 1 Â S 2 , HðS 1 Â S 2 ; SÞ is homotopy equivalent to LS 2 =hai, where a is the involution induced by the antipodal map of S 2 .
Proof. By Proposition 4.1, we may use S ¼ T as our genus-1 Heegaard surface.
We have a commutative diagram whose vertical arrows are inclusions: We will write X for S 1 Â fGNg, a union of two circles in M. Since RðM; TÞ is exactly the subgroup of RðMÞ that leaves X invariant, the image rðX Þ of X under a coset rRðM; TÞ is well-defined, and rRðM; TÞ ¼ sRðM; TÞ if and only if rðX Þ ¼ sðX Þ.
For w A S 2 À fÀNg, let r w A SOð3Þ be the unique rotation with axis the cross product w Â N that rotates w to N, and let r N be the identity rotation. Now let U be the open set in RðMÞ=RðM; TÞ consisting of the elements rRðM; TÞ such that rðX Þ X T ¼ j. When rRðM; TÞ A U, each component of rðX Þ is contained in either the interior of S 1 Â D 2 þ or the interior of S 1 Â D 2 À , and rðX Þ meets each ftg Â D 2 þ in a single point.
d A W SOð3Þ and we can define wðrÞ ¼ ð1; g 0 ; dÞ À1 . To verify that w is a local cross-section, we have wðrÞ À1 ðt; Note that although proj S 2 rðt; NÞ is not well-defined on cosets as an element of LS 2 , it is well-defined in LS 2 =hai, and clearly f is continuous. Injectivity of f follows using the fact that RðM; TÞ is exactly the subgroup of RðMÞ that preserves S 1 Â fGNg.
For surjectivity, it su‰ces to show that if t : S 1 ! S 2 is a smooth loop, then there exists r t A RðMÞ such that r t À t; tðtÞ Á ¼ ðt; NÞ, since then we have f À r À1 t RðM; TÞ Á ¼ t. To show r t exists, we will apply a sequence of elements of RðMÞ whose composition moves each À t; tðtÞ Á to ðt; NÞ.
First, there is an element r ¼ ð1; g; 1Þ A RðMÞ such that r À 0; tð0Þ Á ¼ ð0; NÞ, so we may assume that tð0Þ ¼ N. Next, there exist 0 < e < 1=2 and an element of the form r ¼ ð1; 1; gÞ such that r À t; tðtÞ Á ¼ ðt; NÞ for t A ½Àe; e H S 1 ; for t A ½Àe; e, rðt; xÞ ¼ À t; r tðtÞ ðxÞ Á , where r w is as defined earlier in the proof where we were constructing a local RðMÞ cross-section for RðMÞ ! RðMÞ=RðM; TÞ. So we may assume that tðtÞ ¼ N for t A ½Àe; e.
Regard t as a path I ! S 1 ! S 2 ¼ SOð3Þ=SOð2Þ. By the homotopy lifting property, t lifts to a path d : I ! SOð3Þ with dð0Þ ¼ 1 SOð3Þ and dðtÞðNÞ ¼ tðtÞ. In particular, dðtÞðNÞ ¼ N for t A ½0; e W ½1 À e; 1 so dðtÞ A SOð2Þ for these t. Changing dðtÞ by a smooth isotopy supported on ½0; e=2 W ½1 À e=2; 1, we may assume that dðtÞ ¼ 1 S 2 for t A ½0; e=2 W ½1 À e=2; We remark that in general, the exact sequence in Corollary 1 need not split. Suppose that M fibers over S 1 with fiber F and monodromy a di¤eomorphism h : F ! F of even order n, having at least two fixed points p and q. Let D p and D q be disjoint h-invariant disks about p and q respectively. Regard M as F Â I =@ where ðx; 1Þ @ À hðxÞ; 0 Á . The di¤eomorphismsf f t : F Â R ! F Â R defined byf f t ðx; sÞ ¼ ðx; s þ ntÞ induce di¤eomorphisms f t : M ! M that are an isotopy from 1 M to 1 M with trace a primitive element of Z À p 1 ðMÞ Á . Now, let V be F Â ½0; 1=2 À D q Â ½0; 1=2 W D p Â ½1=2; 1 and W be F Â ½1=2; 1 À D p Â ½1=2; 1 W D q Â ½0; 1=2. These form a Heegaard splitting of M such that f r=n ðV Þ ¼ V for each integer r with 1 e r e n. The loop sending t to f t=n for 0 e t e 1 represents an element g of H 1 ðM; SÞ such that g n is a generator s of Z À p 1 ðMÞ Á G Z. If the exact sequence splits, then H 1 ðM; SÞ is a semidirect product Z z GðM; SÞ. This maps surjectively onto Z=2 Â GðM; SÞ, and ðs; 1Þ would be an even power in this quotient, which is impossible. Corollary 2. If dðM; SÞ > 3, then HðM; SÞ has finitely many components, each of which is contractible. In fact, the number of components of HðM; SÞ equals jModðMÞj=jModðM; SÞj, and if dðM; SÞ > 2 genusðSÞ, then HðM; SÞ is contractible.
Proof. All splittings of reducible 3-manifolds have distance dðM; SÞ ¼ 0, and by J. Hempel [17] and A. Thompson [32] , dðM; SÞ > 2 implies that M is atoroidal and not Seifert-fibered, so M is hyperbolic. Corollary 1 shows that each component of HðM; SÞ is a K À GðM; SÞ; 1 Á -space. By [23] , dðM; SÞ > 3 implies that ModðM; SÞ ! ModðMÞ is injective, so GðM; SÞ is trivial. Therefore the path components of HðM; SÞ are contractible. D. Gabai [8] showed that the inclusion of the finite set of isometries into Di¤ðMÞ is a homotopy equivalence, so ModðM; SÞ and hence H 0 ðM; SÞ are finite. In fact, the second exact sequence of Theorem 1 also shows that the number of components of HðM; SÞ equals jModðMÞj=jModðM; SÞj. When dðM; SÞ > 2 genusðSÞ, the main result of [23] shows that ModðM; SÞ ! ModðMÞ is also surjective, so HðM; SÞ is contractible. r
The isometries of elliptic 3-manifolds
An elliptic 3-manifold is a closed 3-manifold E that admits a Riemannian metric of constant positive curvature; according to Perelman's celebrated work, this is equivalent to p 1 ðEÞ being finite. We always assume that E is equipped with a metric of constant curvature 1, so is the quotient of S 3 by a finite group of isometries acting freely.
The elliptic 3-manifolds were completely classified long ago (see [26] for a discussion). The isometry groups of elliptic 3-manifolds have also been known for a long time. A detailed calculation was given in [26] . We will have to use some of the results and methodology of that work, so in the remainder of this section we review the necessary parts and set up some notation.
First we recall the beautiful description of SOð4Þ using quaternions. A nice reference for this is [29] . Fix coordinates on S 3 as fðz 0 ; z 1 Þ j z i A C; z 0 z 0 þ z 1 z 1 ¼ 1g. Its group structure as the unit quaternions can then be given by writing points in the form z ¼ z 0 þ z 1 j, where j 2 ¼ À1 and jz i ¼ z i j. The real part <ðzÞ is <ðz 0 Þ, and the imaginary part =ðzÞ is =ðz 0 Þ þ z 1 j. The inverse of z is <ðzÞ À =ðzÞ ¼ z 0 À z 1 j. The usual inner product on S 3 is given by z Á w ¼ <ðzw À1 Þ.
The unique involution in S 3 is À1, and it generates the center of S 3 . The pure imaginary unit quaternions P form the 2-sphere of vectors orthogonal to 1, and are exactly the elements of order 4. Consequently, P is invariant under conjugation by elements of S 3 . Conjugation induces orthogonal transformations on P, defining a canonical 2-fold covering homomorphism S 3 ! SOð3Þ with kernel the center.
Left multiplication and right multiplication by elements of S 3 are orthogonal transformations of S 3 , and there is a homomorphism F : S 3 Â S 3 ! SOð4Þ defined by F ðz; wÞðqÞ ¼ zqw À1 . It is surjective and has kernel fð1; 1Þ; ðÀ1; À1Þg. The center of SOð4Þ has order 2, and is generated by F ð1; À1Þ, the antipodal map of S 3 . By S 1 we will denote the subgroup of points in S 3 with z 1 ¼ 0, that is, all z 0 A S 1 H C. Let x k ¼ expð2pi=kÞ, which generates a cyclic subgroup C k H S 1 . The elements S 1 W S 1 j form a subgroup Oð2Þ Ã H S 3 , which is exactly the normalizer of S 1 and of the C k with k > 2. It is also the preimage in S 3 of the orthogonal group Oð2Þ H SOð3Þ, under the 2-fold covering S 3 ! SOð3Þ.
When H 1 and H 2 are groups, each containing À1 as a central involution, the quotient ðH 1 Â H 2 Þ=hðÀ1; À1Þi is denoted by H 1Ẫ Â H 2 . In particular, SOð4Þ itself is S 3Ẫ Â S 3 , and contains the subgroups S 1Ẫ Â S 3 , Oð2Þ ÃẪ Â Oð2Þ Ã , and S 1Ẫ Â S 1 . The latter is isomorphic to S 1 Â S 1 , but it is sometimes useful to distinguish between them. Finally, DihðS 1 Â S 1 Þ is the semidirect product ðS 1 Â S 1 Þ z C 2 , where C 2 acts by complex conjugation in both factors.
There are 2-fold covering homomorphisms
Each of these groups is di¤eomorphic to four disjoint copies of the torus, but they are pairwise nonisomorphic, as can be seen by examining their subsets of order 2 elements. Similarly, S 1 Â S 3 and S 1Ẫ Â S 3 are di¤eomorphic, but nonisomorphic.
The method used in [26] to calculate IsomðEÞ is straightforward. Let G ¼ p 1 ðEÞ imbedded as a subgroup of SOð4Þ so that S 3 =G ¼ E. An element F ðz; wÞ induces an isometry on E exactly when it lies in the normalizer NormðGÞ of G in Oð4Þ, and this gives an isomorphism NormðGÞ=G G IsomðEÞ. So for each G, one just need to calculate NormðGÞ and work out the quotient group NormðGÞ=G.
For convenient reference, we include two tables from [26] . Table 1 gives the isometry groups of the elliptic 3-manifolds with non-cyclic fundamental group. The first column shows the fundamental group of E, where C m denotes a cyclic group of order m, and D Ã 4m , T Ã 24 , O Ã 48 , and I Ã 120 are the binary dihedral, tetrahedral, octahedral, and icosahedral groups of the indicated orders. The groups called index 2 and index 3 diagonal are certain subgroups of D Ã 4m Â C n and T Ã 24 Â C n respectively. Table 2 gives the isometry groups of the elliptics with cyclic fundamental group. These are the 3-sphere Lð1; 0Þ, real projective space Lð2; 1Þ, and the lens spaces Lðm; qÞ with m f 3. Both tables give the full isometry group IsomðEÞ, and the group IðEÞ of path components of IsomðEÞ.
In S 3 there is a standard torus T ¼ È z 0 þ z 1 j jz 0 j ¼ jz 1 j É . It bounds two solid tori, V and W , where jz 0 j e jz 1 j and jz 0 j f jz 1 j respectively. In our work, certain isometries that preserve T will be useful.
(1) a ¼ F ð1; À1Þ, the antipodal map. It preserves each of V and W .
(2) r : z 0 þ z 1 j 7 ! z 0 þ z 1 j. It is an orientation-reversing involution that preserves each of V and W .
(3) t ¼ F ð j; jÞ : z 0 þ z 1 j 7 ! z 0 þ z 1 j. It is an involution that restricts to a hyperelliptic involution on each of V and W .
It is an involution that interchanges V and W . p 1 ðEÞ E IsomðEÞ IðEÞ 
Oð2Þ Â Oð2Þ C 2 Â C 2 Table 2 . Isometry groups of elliptic manifolds Lðm; qÞ with cyclic fundamental group.
(5) s À : z 0 þ z 1 j 7 ! z 1 þ z 0 j. It is an orientation-reversing isometry of order 4 that interchanges V and W .
The following relations among these isometries are easily checked:
(1) s 2 À ¼ t.
(2) s þ t ¼ ts þ , and rt ¼ tr.
(3) ðrs þ Þ 2 ¼ t, so r and s þ generate a dihedral group of order 8.
(4) s þ s À s þ ¼ s À1 À , so s þ and s À generate a dihedral group of order 8.
The Smale Conjecture
The original Smale Conjecture, proven by A. Hatcher [14] , asserts that the inclusion IsomðS 3 Þ ! Di¤ðS 3 Þ from the isometry group to the di¤eomorphism group is a homotopy equivalence. The Generalized Smale Conjecture (henceforth just called the Smale Conjecture) asserts this for elliptic 3-manifolds.
N. Ivanov ([21] , [22] ) proved the Smale Conjecture for most of the elliptic 3-manifolds that contain one-sided Klein bottles, specifically:
(i) the lens spaces Lð4n; 2n À 1Þ, n f 2, (ii) the quaternionic and prism manifolds for which p 1 ðEÞ has a nontrivial cyclic direct factor.
The preprint [18] gives proofs of the Smale Conjecture for all lens spaces Lðm; qÞ with m > 2, and for all quaternionic and prism manifolds. Although the Smale Conjecture seems likely to hold for all elliptic 3-manifolds, no claim is currently asserted for the remaining cases. Perelman's methods do not seem to apply, at least in their current form (see [18] , Section 1.4).
Heegaard splittings of elliptic 3-manifolds: The genus-0 case
In this section we will prove Theorem 3 part (1), that is, that HðS 3 ; S 2 Þ F RP 3 .
Recall that P H S 3 is the 2-sphere orthogonal to 1. The stabilizer Isom þ ðS 3 ; PÞ of P in Isom þ ðS 3 Þ is exactly the stabilizer of the pair fG1g, which is the subgroup Oð3Þ H SOð4Þ. the latter equality since Oð3Þ is the stabilizer of fG1g under the transitive action of SOð4Þ on pairs of antipodal points in S 3 . r
Lens spaces
Our work on genus-1 splittings will require some information about lens spaces, which we recall in this section. Let L be the lens space Lðm; qÞ, with m f 2 and q selected so that 1 e q e m=2. We regard L as S 3 =G L , where G L H S 1Ẫ Â S 1 H SOð4Þ is the cyclic subgroup of order m generated by g m; q ¼ F ðx qþ1
2m ; x qÀ1 2m Þ.
For each n f 1, L has a Heegaard surface S n of genus n, and by a theorem of F. Bonahon [2] for n ¼ 1 and Bonahon and J.-P. Otal [3] for n f 2, it is the unique Heegaard surface of this genus up to isotopy. Consequently, HðL; S n Þ is path-connected.
The standard torus È z 0 þ z 1 j jz 0 j ¼ jz 1 j É H S 3 is invariant under the action of G L , and its image under S 3 ! S 3 =G L ¼ L is a Heegaard torus in L. We denote the image by T, and the solid tori in L bounded by T by V and W .
In [2] , F. Bonahon proved that every di¤eomorphism of L preserves T up to isotopy, and used this to calculate the mapping class groups of lens spaces. To state the results, we first recall the isometries of L used in [2] , which we define here using the isometries t, s þ and s À of S 3 that were introduced near the end of Section 6 above.
(1) For all ðm; qÞ, tg m; q t ¼ g À1 m; q , so t induces an orientation-preserving involution of L, also denoted by t, that restricts to the hyperelliptic involution on each of V and W .
(2) When q 2 ¼ 1 mod m, we have s þ g m; q s þ ¼ g q m; q , so s þ induces an orientationpreserving involution of L, also denoted by s þ , that interchanges V and W .
(3) When q 2 ¼ À1 mod m, we have s À g m; q s À1 À ¼ g Àq m; q , so s À induces an orientationreversing isometry of L, also denoted by s À , that interchanges V and W . (1) Mod À Lð2; 1Þ Á ¼ C 2 generated by s À .
(2) If m > 2 and q ¼ 1, then ModðLÞ ¼ C 2 generated by t.
(3) If m > 2 and q 2 ¼ 1 mod m but q 3 1, then ModðLÞ ¼ C 2 Â C 2 generated by t and s þ .
(4) If m > 2 and q 2 ¼ À1 mod m, then ModðLÞ ¼ C 4 generated by s À .
(5) If m > 2 and q 2 3G1 mod m, then ModðLÞ ¼ C 2 generated by t.
Note that Theorem 9.1 implies the well-known fact that Lðm; qÞ admits an orientationreversing di¤eomorphism if and only if q 2 1 À1 mod m. Since each of the elements t, s þ , and s À preserves T, Theorem 9.1 also implies Corollary 9.2. ModðL; TÞ ! ModðLÞ is surjective.
It is not di‰cult to compute GðL; TÞ, and then ModðL; TÞ using the exact sequence 1 ! GðL; TÞ ! ModðL; TÞ ! ModðLÞ ! 1. Since the proofs are not di‰cult and we will not need the results, we simply record them here: Proposition 9.3. (1) If q 3 1, then GðL; TÞ ¼ f1g.
(2) If m > 2 and q ¼ 1, then GðL; TÞ ¼ C 2 , generated by s þ , and G 0 ðL; TÞ ¼ f1g. (2) If m > 2 and q ¼ 1, then ModðL; TÞ ¼ C 2 Â C 2 , generated by s þ and t.
(3) Mod À Lð2; 1Þ; T Á ¼ D 8 , the dihedral group of order 8 generated by s þ and s À .
Heegaard splittings of elliptic 3-manifolds: The genus-1 cases
In this section we will prove Theorem 3 (2) and the (a) statements in all three cases of Theorem 4. We will retain the notation of Section 9, so that L is the lens space Lðm; qÞ with m f 2 and 1 e q e m=2, except that we now allow L ¼ Lð1; 0Þ, the 3-sphere. As in Section 9, L is regarded as
2m ; x qÀ1 2m Þ. In particular, g 1; 0 ¼ F ðÀ1; À1Þ ¼ 1 SOð4Þ , and g 2; 1 ¼ F ðÀ1; 1Þ ¼ a, the antipodal map.
Recall that IsomðLÞ ¼ NormðG L Þ=G L , where NormðG L Þ is the normalizer of G L in Oð4Þ. Consequently, an element F ðz; wÞ in NormðG L Þ X SOð4Þ induces an isometry on L, which we denote by f ðz; wÞ.
We will need to know the groups NormðG L Þ X SOð4Þ, which we denote by Norm þ ðG L Þ. In the following lemma, DihðS 1Ẫ Â S 1 Þ denotes the subgroup of index 2 in Oð2Þ ÃẪ Â Oð2Þ Ã generated by S 1Ẫ Â S 1 and the involution t ¼ F ð j; jÞ, which acts by inversion on elements of S 1Ẫ Â S 1 . From [26] we have the following information. (iii) For m > 2, q > 1 and q 2 1 1 mod m, Norm þ ðG L Þ ¼ Oð2Þ ÃẪ Â Oð2Þ Ã .
(iv) For m > 2 and q 2 E 1 mod m, Norm þ ðG L Þ ¼ DihðS 1Ẫ Â S 1 Þ.
Proof. Part (i) is obvious. Part (ii) is found in Case III on p. 175 of [26] , and part (iii) is found in Case VI on p. 176 of [26] . Part (iv) is found in Cases IV and V on p. 175 of [26] . r As in Section 9, T is the standard Heegaard torus for L. In particular, for L ¼ Lð1; 0Þ, T is È z 0 þ z 1 j jz 0 j ¼ jz 1 j É . We will need to know the groups Isom þ ðL; TÞ.
(2) When q 2 1 1 mod m, Isom þ ðL; TÞ ¼ À Proof. From Theorem 9.1, L admits an orientation-reversing di¤eomorphism only when q 2 1 À1 mod m, in which case s À is an orientation-reversing element of IsomðL; TÞ. That is, Di¤ðL; TÞ contains orientation-reversing elements if and only if IsomðL; TÞ does. Therefore it su‰ces to prove that the inclusion k : Isom þ ðL; TÞ ! Di¤ þ ðL; TÞ is a homotopy equivalence.
We first check that k is injective on path components. By Lemma 10.2, Isom þ ðL; TÞ has either two or four components, represented by 1 L , t, and when there are four, s þ ¼ f ði; ijÞ and s þ t ¼ f ðij; ÀiÞ. Of these, only the elements of isomðL; TÞ preserve the sides and are isotopic to the identity on T, so Isom þ ðL; TÞ X di¤ðL; TÞ ¼ isomðL; TÞ.
To see that k is surjective on path components, let f A Di¤ þ ðL; TÞ. If f interchanges the sides of T, then a well-known homology argument shows that q 2 1 1 mod m. (Let m and l in H 1 ðTÞ be a meridian and longitude for T H V such that ml þ qm is a meridian of T H W , and write h ¼ f j T . For h Ã : H 1 ðTÞ ! H 1 ðTÞ, h Ã ðmÞ is a meridian for T H W , so h Ã ðmÞ ¼ eðml þ qmÞ for e either 1 or À1. Writing h Ã ðlÞ ¼ eðal þ bmÞ, detðh Ã Þ ¼ aq À mb. Since h interchanges the sides of T, Gm ¼ mh Ã ðlÞ þ qh Ã ðmÞ, implying that a ¼ Àq and hence detðh Ã Þ ¼ Àq 2 À mb. When f is orientation-preserving, h must be orientationreversing, giving q 2 1 1 mod m.) Since q 2 1 1 mod m, s þ is an element of Isom þ ðL; TÞ, and composing it with f , we may assume that f preserves the sides of T. Since f must then preserve the meridian curves of both complementary tori up to isotopy, it is isotopic either to the identity on both solid tori or to the hyperelliptic involution on both. In the latter case, we may compose f with t, an element of Isom þ ðL; TÞ, to assume that f is isotopic to the identity on both sides and therefore lies in di¤ðL; TÞ. Therefore every path component of Di¤ðL; TÞ contains elements of IsomðL; TÞ. From Lemma 10.2, isomðS 3 ; TÞ is a full S 1 Â S 1 subgroup of isometries in di¤ðL; TÞ, so k is a homotopy equivalence on each path component. r Theorem 3 part (2) and Theorem 4 parts (1)(a), (2)(a), and (3)(a). Let S 1 be the standard genus-1 Heegaard surface in S 3 , RP 3 , or a lens space Lðm; qÞ with 1 e q < m=2. Assume, if necessary, that the 3-manifold satisfies the Smale Conjecture.
(1) For L ¼ S 3 or RP 3 , HðL; S 1 Þ F RP 2 Â RP 2 .
(2) For m f 3, H À Lðm; 1Þ; S 1 Á F RP 2 .
(3) For q f 2, H À Lðm; qÞ; S 1 Á is contractible.
Proof. Let L be any of these manifolds. By a theorem of F. Waldhausen [33] for S 3 and F. Bonahon [2] for RP 3 and Lðm; qÞ, T is the unique Heegaard torus of L up to isotopy. So we may take S 1 ¼ T. whose vertical maps are inclusions. The rows are fibrations, the first since IsomðL; TÞ is a closed subgroup of the Lie group IsomðLÞ, and the second by Corollary 2.3. Since L is assumed to satisfy the Smale Conjecture, the middle arrow is a homotopy equivalence. By Lemma 10.3, the first vertical arrow is a homotopy equivalence, so we have HðL; TÞ F IsomðLÞ=IsomðL; TÞ. Since L has an orientation-reversing isometry only when q 2 1 À1 mod m, in which case s À A IsomðL; TÞ is an orientation-reversing isometry, we have IsomðLÞ=IsomðL; TÞ ¼ Isom þ ðLÞ=Isom þ ðL; TÞ 
Heegaard splittings of elliptic 3-manifolds: Genus 2 and higher
We continue to use the notation of Section 10.
Theorem 3 part (3) and Theorem 4 parts (1)(b), (2)(b), and (3)(b). For n f 2, let S n be the standard genus-n Heegaard surface in one of S 3 , RP 3 , or a lens space Lðm; qÞ with 1 e q < m=2. Assume, if necessary, that the 3-manifold satisfies the Smale Conjecture.
(1) H i ðS 3 ; S n Þ G p i ðS 3 Â S 3 Þ for i f 2, and there is a non-split exact sequence 1 ! C 2 ! H 1 ðS 3 ; S n Þ ! GðS 3 ; S n Þ ! 1:
(2) H i ðRP 3 ; S n Þ G p i ðS 3 Â S 3 Þ for i f 2, and there is an exact sequence 1 ! C 2 Â C 2 ! H 1 ðRP 3 ; S n Þ ! GðRP 3 ; S n Þ ! 1:
(3) For m f 3, H i À Lðm; 1Þ; S n Á G p i ðS 3 Þ for i f 2, and there are exact sequences 1 ! Z ! H 1 À Lðm; 1Þ; S n Á ! GðL; S n Þ ! 1 for m odd, and 1 ! Z Â C 2 ! H 1 À Lðm; 1Þ; S n Á ! GðL; S n Þ ! 1 for m even.
(4) For q f 2, H i À Lðm; qÞ; S n Á ¼ 0 for i f 2, and there is an exact sequence 1 ! Z Â Z ! H 1 ðL; S n Þ ! GðL; S n Þ ! 1:
Proof. Let L denote any of these manifolds. By results of Waldhausen [33] for S 3 and Bonahon-Otal [3] for RP 3 and Lðm; qÞ, 1 e q < m=2, L has a unique Heegaard surface S n for each genus greater than 1, so the corresponding spaces of Heegaard splittings are path-connected. By Theorem 1, H i ðL; S n Þ G p i À Di¤ðLÞ Á , and there is an exact sequence 1 ! p 1 À Di¤ðLÞ Á ! H 1 ðL; S n Þ ! GðL; S n Þ ! 1:
Since we are assuming that L satisfies the Smale Conjecture, the groups p i À Di¤ðLÞ Á G p i À IsomðLÞ Á for i f 1 can be found using Table 2 .
For L ¼ S 3 , we have isomðS 3 Þ ¼ SOð4Þ, so H i ðS 3 ; S n Þ ¼ p i À SOð4Þ Á G p i ðS 3 Â S 3 Þ for i f 2 and p 1 À Di¤ðS 3 Þ Á is C 2 . To see that the exact sequence in part (a) does not split, observe that there is an isotopy J t with J 0 ¼ 1 S 3 and J 1 a hyperelliptic involution on S n ; J t rotates through an angle p around an axis of symmetry of S n . This defines an element of H 1 ðS 3 ; S n Þ whose square is the generator of p 1 À Di¤ðS 3 Þ Á . A normal C 2 -subgroup is central, so if the exact sequence splits we would have H 1 ðS 3 ; S n Þ ¼ p 1 À Di¤ðS 3 Þ Á Â GðS 3 ; S n Þ, and the generator of p 1 À Di¤ðS 3 Þ Á could not be a square.
For L ¼ RP 3 , isomðRP 3 Þ is homeomorphic to SOð3Þ Â SOð3Þ, so
For m f 3, isom À Lðm; 1Þ Á is homeomorphic to S 1 Â S 3 or to S 1 Â SOð3Þ according as m is odd or even. So H i À Lðm; 1Þ; S n Á ¼ p i ðS 3 Þ for i f 2, while p 1 À Di¤ À Lðm; 1Þ ÁÁ is Z or Z Â C 2 according as m is odd or even.
For q f 2, isom À Lðm; qÞ Á is homeomorphic to S 1 Â S 1 , so H i À Lðm; qÞ; S n Á ¼ 0 for i f 2 and p 1 À Di¤ À Lðm; qÞ ÁÁ is Z Â Z. r
Case II. E is not one of the manifolds in Case I, that is, either p 1 ðEÞ has a nontrivial cyclic direct factor, or p 1 ðEÞ is a diagonal subgroup of index 2 in D Ã 4m Â C n or of index 3 in T Ã 48 Â C n .
Again from Table 1 , isomðEÞ is homeomorphic to S 1 , so H i ðE; SÞ ¼ 0 for i f 2 and p 1 À isomðEÞ Á is Z. r
For the manifolds in Theorem 5, M. Boileau and J.-P. Otal [1] have proven that there is a unique genus-2 Heegaard splitting up to isotopy, so in that case HðL; SÞ is known to be connected.
